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Abstract 

We discuss in this paper the canonical structure of classical field theory in finite 
dimensions within the pataplectic Hamiltonian formulation, where we put forward 
the role of Legendre correspondance. We define the generalized Poisson p-brackets 
which are the analogues of the Poisson bracket on forms. We formulate the equations 
of motion of forms in terms of p-brackets. As illustration of our formalism we 
present three examples: the interacting scalar fields, conformal string theory and 
the electromagnetic field. 



1 Introduction 

In the standard Hamiltonian formulation of classical point particle mechanics, the 
phase space of a system with N degrees of freedom is a 2N dimensional manifold, 
which represents the space of possible positions and momenta of the system. In 
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field theories the objects under consideration typically have an infinite number of 
degrees of freedom. Thus we need to employ infinite dimensional manifolds to 
model the dynamical possibilities for such objects. This requires a generalization 
of the familiar theory of finite dimensional manifolds, and so we are motivated to 
stipulate that an infinite dimensional manifold is a manifold modeled on an infinite 
dimensional Banach space. 

Infinite dimensional manifolds do, of course, differ in many significant ways from 
their finite dimensional counterparts. No infinite dimensional manifold is locally 
compact, for instance, although every finite dimensional is. Furthermore, the fact 
that the tangent spaces are infinite dimensional leads to some complications which 
are not present in the finite dimensional case. Two are worth mentioning here: 

1) In the finite dimensional CclSG, Si linear map T : V — > V is one to one iff it is onto; 
in the infinite dimensional case a linear operator on V can be one to one but not 
onto 

2) Similarly, in the finite dimensional case, all linear operators are continuous maps 
from V to V; in the infinite dimensional case, the continuous linear operators, i.e. 
the bounded operators, often have as their domain of definition a dense (proper) 
subset of V. 



A crucial step in the formulation of Hamiltonian mechanics is the construction 
of the Poisson bracket between a pair of physical observables. This is obtained 
from the natural symplectic structure on T*M (where M is the configuration space 
of the physical system). In this phase space approache to classical mechanics, the 
dynamical evolution from an initial point xo £ T*M is the solution to Hamilton's 
first order differential equations. Geometrically, dynamical paths in phase space can 
be identified with the flow lines of a special vector field £h on T*M associated with 
the Hamiltonian fonction H. Those dynamical equations imply the time rate of 
change of any physical observable / € C°°(T*M,M), precisely through the Poisson 
bracket of / with H which is defined thanks to a Hamiltonian vector field £f on 
T*M associated with /. There are couple of potential difficulties here. If T*M is 
infinite dimensional, then some perfectly good functions may not have a Hamiltonian 
vector field (this problem does not arise in the finite dimensional case). Even when 
£/■ exists, its integral curves may be incomplete (i.e., the vector field is only locally 
defined). 

Further, in this viewpoint space and time are treated asymmetrically, therefore 
we do not have a covariant scheme. 

In order to avoid these difficulties, an alternative approach is to construct co- 
variant canonical formulations of (finite dimensional) field theories which treat the 
space and time in equal footing (symetrically) . Remark that there is a whole variety 
of such theories and interestingly enough they offer a generalization of the Hamil- 
ton canonical equations of motion to field theory, see for instance [Q] , || , ^ , [§] . 
Further details can be found in [||, ^, ||, ^, ^4|, 
point there is that the observable quantities are not represented by (generalized) 
functions on a phase space, but rather by n — 1-forms, whose integrals on Cauchy 
hypersurfaces give back the usual observables. But many of those approaches share 
a characteristic, which is an obstacle to the development of a field quantization, 
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One 



the lack of an appropriate generalization of the Poisson bracket. And even if a 
Poisson bracket was proposed, the related construction was too restrictive and not 
appropriate for representing the generalized Hamiltonian field equations in Poisson 
bracket formulation. 

More recently, a definition of the Poisson brackets on a subclass of forms and 
the equations of motion of forms from De Donder-Weyl point of view[| was given 



for review see [12, 13]. The main point is to derive the Hamiltonian fields equations 
from the Poincare-Cartan n-form and its differential, called there polysymplectic 
form using "vertical multivector fields" (which generalize the Hamiltonian vector 
fields in mechanics). Constructions of brackets can be done using also the polysym- 
plectic form, but a correct expression of the dynamics of these forms requires a 
decomposition of forms and multivectors along "vertical" and "horizontal" compo- 
nents. This decomposition, however, essentially implies a triviality of the "extended 
polymomentum phase space" as a bundle over the space-time manifold. Moreover 
we notice that in those works although a natural link between Poisson brackets and 
dynamics exists for n — 1-forms, in the case of forms of arbitrary degrees the link is 
not clearf^ This affect the posssibility of a precise formulation, for example, (of the 
dynamics) of Maxwell's electrodynamics. In addition, we don't have a representa- 
tion of the energy- momentum tensor. 



In this paper we exhibit a general construction of a universal Hamiltonian for- 
malism (which contains all previously known formalisms, which explains the ap- 
pelation universal) and define the generalized Poisson p-brackets, the analogues of 
the Poisson bracket on forms. We formulate the equations of motion of forms in 
terms of those p-brackets. The main focus in this construction is on the role of 
Legendre correspondance, and the hypothesis concerning the generalized Lengendre 
condition. We want to emphasize here that in our formalism there is no need to 
the decomposition "vertical" and "horizontal" parts thanks to the use of Equation 
(17) which is much more enlightened than Equation (15). This implies Theorems 2 
and 3. On the other hand the energy-momentum tensor is clearly represented and 
the Hamiltonian formulation of Maxwell's electrodynamics, for instance, is properly 
given. 

In section (2) we establish the Hamiltonian formalism: the Euler-Lagrange equa- 
tions, Legendre's correspondance (and the generalized Legendre condition) and 
Hamilton's equations. In fact, we recover the Hamilton's equations using three 

1 In this approach we associate to the generalized coordinates (the field variables) u % a set of n 
momentum-like variables (which are defined from the Lagrangian as the conjugate momenta associated 
with each space-time - here a — 1, ...,n is the space-time index - derivative of the field), pf := g(g L M ») ; 
and we have the Legendre transform: d a u l — > pf, 

L(u\ 8 a u\ x a ) -► H(u\pf,x a ) := pfd a u l - L 

So the phase space is replaced by a finite dimensional space. 

2 This generalization of the Poisson bracket formulation of the equations of motion to forms of arbitrary 
degree requires a certain extension. Namely, by adding horizontal forms of degree n and the vertical- vector 
valued horizontal one forms (objects of formal degree zero) associated with n-forms. This extension, call 
for a generalization of Lie, Schouten-Nijenhuis and Frolicher-Nijenhuis brackets. 



different approaches: a) as necessary and sufficient conditions for the existence of a 
critical point u : X — > y, b) by contracting the pataplectic form f2 with any n- vector 
X G k n Tr qp \M where M = A ri T*(Af x >>) and for any (q,p) G and finally c) by 
variational formulation i.e. as the Euler-Lagrange equations of some simple func- 
tional. In section (3) we review the usual approach to quantum field theory from 
the standard canonical viewpoint and pataplectic geometry point of view where we 
express the various brackets using an analogue of the Poisson brackets, the Pois- 
son p-brackets, defined on n — 1-forms. In subsection (3.4) we give a dynamical 
formulation for the n — 1-forms in terms of p-brackets with the n-form Tiu. 

In section (4), and after introducing the internal and external p-brackets, we 
generalize the definition of p-bracket on n — 1-forms to a class of forms of an arbi- 
trary degrees < p < n using anticommuting (Grassmann) variables t\ ...r n which 
behave under change of coordinates like g|r , . . . , . We should add that those 
anticommuting variables do not appear in the expression of the dynamics of forms 
of arbitrary degrees^]. Notice also that the generalized Poisson bracket which is 
obtained here differs from the one proposed in [12, for forms of degree lower 
than p — 1. In particular "admissible" p- forms are composed basically of "position" 
observables unless we have some gauge symmetry and constraints then we can rep- 
resent some "momentum" observable by a p-forms with p < n (in section (5.3) we 
study the electromagnetic field which is an instance of such a situation). Finally in 
section (5) we present three examples: the interacting scalar fields, conformal string 
theory and the electromagnetic field. 



2 Construction of the Hamiltonian formalism 

In this section we show how to build a universal Hamiltonian formalism for a c- 
model variational problem involving a Lagrangian functional depending on first 
derivatives. We derive it through a universal Legendre correspondance. 

2.1 Notations 

Let X and y be two differentiable manifolds. X plays the role of the space-time 
manifold and y the target manifold. We fix some volume form lo on X, this volume 
form may be chosen according to the variational problem that we want to study 
(for instance if we look at the Klein-Gordon functional on some pseudo-Riemannian 
manifold, we choose to to be the Riemannian volume), but in more general situation, 
with less symmetries we just choose some arbitrary volume form. We set n = dimAf 
and k = dm\V. We denote {x 1 , x n } local coordinates on X and {y l , local 
coordinates on y. For simplicity we shall assume that the coordinates x a are always 
chosen such that dx l A ...Adx n = uj, through it is not essential. Then on the product 
X x y we denote {q 1 , q n+k } local coordinates in such a way that 

3 so the role of these anticommuting variables is similar to the role of ghosts in the quantization of 
gauge invariant systems 



= = x a if 1 < ji = a < n 
qH = yfi-n _ y% if 1 < ^ — n = i < k. 

Generally we shall denote the indices running from 1 to n by a, (3,... , the indices 
between 1 and k by i, j, ... and the indices between 1 and n + k by fi, v,... To any 
map u : X — > y we may associate the map 

U : X — ► X x y 
x i — > (x,u(x)) 

whose image is the graph of u, {(x,u(x))/x G X}. We also associate to u the 
bundle u*Ty (&T* X over X. This bundle is naturally equipped with the coordinates 
(x a )i< a < n (for X) and (i4)i<«<fc;i<a<"> sucn that a point (x,v) G u*Ty ®T*X is 
represented by 

n k n 
a=l i=l y 

We can think n^T^^r*^ as a subset of T^^T* A' := {(x,y, v)/{x,y) eXxy,ve 
T y y (g> T*^} by the inclusion map (x, w) i — ► (x, u(x), t>). 

The differential of u, du is a section of the bundle u*Ty <g> T*X over A\ Hence 
the coordinates for du are simply v l a = Notice that u*Ty <g> T*X is a kind of 
analog of of the tangent bundle Ty to a configuration space y in classical particle 
mechanics. 

It turns out to be more convenient to consider A n T(Xxy) the analog of T(Rxy), 
the tangent bundle to a space-time, or rather SA n T(X x y), the submanifold of 
A n T(X x y), as the analog of the subset ST(R x y) := {(i,x;£°,£) G T(R x 
y)/dt(t?,i) = 1}, which is diffeomorphic to M x Ty by the map (t, x, f) i — ► (t, x, £), 
and where: 

SA n T(Xxy) := G A n T(^x^)A = zi A...Az n , z u z n G T q (Xxy), z n ) = 1}. 

For any (x,y) G X x y, the fiber SA n T( x ^(X x y) can be identified with 
T y y (g) T*Af by the diffeomorphism 

T y y®T*X — SAT H (^xy) 

where for all 1 < /? < n, zp = ^ + v a^- We denote by (za)i<^<„ +fc; i<Q<n 
the coordinates of z a , so that zp = Yl^ta z a g^r (or z« = 6a for 1 < /3 < n and 
= Va for 1 < « < k). This induces an identification Ty®T*X ~ SA n T(# x y). 

Thus coordinates (x a ,y t ,v l a ) (or equivalentely (x a ,y l ,Za)) can be thought as 
coordinate on T*^f or S , A n T(Af x y). 

Given a Lagrangian function L : Ty <g> T*X i — > R, we define the functional 



:= / L(x,u(x), du{x))dx. 
Jx 



2.2 The Euler-Lagrange equations 

The critical points of the action are the maps u : X — ► y which are solutions of 
the system ofEuler-Lagrange equations 

^-(x,u(x),du(x)) ) = ^r(x,u(x),du(x)). (2) 



dx a \dv l Q ' ' / dy l 

This equation implies also other equations involving the stress-energy tensor 
associated to u : X — ► y-. 

Sp(x) := 5pL(x,u(x),du(x)) - -^- r (x,u{x),du{x))-^{x). 
Indeed for any u, 



(x, u, du) 



(x, u(x), du{x)) J — -^-^(x,u(x),du(x)) 



dx a \dv % a J dy 



dx@ 

Thus we conclude that if u is a solution of (^) , then 

dSfj dL 

^ {x) = ^ {x ^ du) - (3) 

It follows that if L does not depend on x, then Sp is divergence-free for all solutions 
of @, a property which can be predicted by Noether's theorem. 

2.3 The Legendre correspondance 

Let M. := A n T*(X x y). Every point (q,p) G M. has coordinates q^ and p m ... Mn 
such that Pfty...)^ is completely antisymmetric in (/ii, ...,/U n ) and 

We shall define a Legendre correspondance 

SA n T(;r xj)xl < — ► At = A n T*(Af x 37) 
(q,v,w) < — > 

where w € R is some extra parameter (its signification is not clear for the moment, 
w is related to the possibility of fixing arbitrarely the value of some Hamiltonian) . 
Notice that we do not name it a transform, like in the classical theory but a corre- 
spondance, since generally there will be many possible values of (q, p) corresponding 
to a single value of (q,v,w). But we expect that in generic situations, there corre- 
sponds a unique (q,v,w) to some (q,p). This correspondance is generated by the 
function 



— (x) 



W : SA n T(X xy)x M — ► R 

(q,v,p) i — > (p,v) - L(q,v), 



where 



(p, v) ~ (p, z) := (p, z\ A ... A z n ) = Pm-HnZl 1 ■ ■ ■ z n n ■ 

jUl,...,/X n 



Definition 1 We write that (q,v,w) < ► (q,p) if and only if 

L(q,v) + w = (p,v) or W(q,v,p)=w (4) 

and 

dL . . d(p,v) / d \ 8W, 

M (? ' v) = ^r = r lA, '' A ^ lA ¥ AviA '-- A 7 or M iq,v,p) = 

(5) 

Notice that for any (q,v,w) G SA n T(X x^)xR there exist (q,p) G M such that 
(q,v,w) < — > (q,p)- This will be proven in Subsection 2.6 below. But (q,p) is not 
unique in general. In the following we shall need to suppose that the inverse corre- 
spondance is well-defined. 



Hypothesis: Generalized Legendre condition There exists an open subset 
O C M which is non empty such that for any (q,p) G O there exists a unique 
v G T x y <8> T*X (or equivalentely a unique z G SA n T q (X x y)) which is a crit- 
ical point of v i — ► W(q,v,p). We denote v = V(q,p) this unique solution (or 
z = Z(q,p)). We assume further that V is a smooth function on O (or the same 
for Z). 



We now suppose that this hypothesis is true. Then we can define on O the 
following Hamiltonian function 

H : O — ► R 

(q,p) — » {p,V(q,p))-L(q,V(q,p))=W(q,V(q,p),p). 

We then remark that (Q) is equivalent to w = H(q,p). 

We now compute the differential of Ti. The main point is to exploit the condition 



(which defines V). 



dW 

(q,V(<l,P),P)=Q (6) 



dH 



dq 



+E E ^fev(g,p),p) 



dW 

dv l c 
dVj: 



fi±<...<H 



+ E 



dv L c 
"dW 



Ml<-..<Mn ° P ^-^ 



/il<...<£in 



dPfi\...Hn 



HI. ..(In- 



NOW since 



and 



dW 



d Pfii. 



-(q,v,p) = 



we get 



where 



r) I 

^=-E^te> v te>p)>*w+ E ^.n^fep)*, 

/J fll<...<fln 



'fll...fln ) 



(7) 



d d 

A ... A 



^•""(9,P) : = 
are the components of the n-vector 

z 1 ( q ,p)A...AZ n ( q , P )= Yl 

Hl<...<fJL n 

To conclude let us see how the stress-energy tensor appears in this Hamiltonian 
setting. We define the Hamiltonian tensor on O to be H(q,p) = ^ H^(q,p)-^^® 
dx^ , with 

BT 

H$(q,p) :=Q-(q,V(q,PW f3 (q,p)-5%L( q ,V( q ,p)). 
It is clear that if (x,u(x),du(x),w) < — > (q,p) then 

H$(q,p) = -S%(x). 
Let us now compute Ha(q,p). We first use @ 



Br 



i ov a \v=V(q,p) 

\P> 2>i(q,p) A ... A Z a _i(g,p) A -J^-. A -Za+lfop) A ... A Z n (q,p)^ Y p (q,p) 
(p, Zl(q,P) A ... A Z a ^(q,p) A ^ A Z a+1 (q,p) A ... A Z n (q,p)^ Z%(q,p) 

p,Zi(q,p) A ... A Z a -i(q,p) A A Z a+1 (q,p) A ... A Z n (q,p) 

(j>,Zi(q,p) A ... A Z a -x{q,p) A Zp(q,p) A £ a+ i(g,p) A ... A Z n (q,p)) 

d 

P,2i{q,p) A ... A Z a -x(q,p) A ^-g A Z a+ i(g,p) A .. A Z n (q,p) 
5%{p,Zx(q,p)A...AZ n (q,p)) 

d 

P,2x(q,p) A ... A Z a _x(q,p) A ^-^ A Z a+1 (q,p) A ... A Z n (q,p) ) . 
Hence since 

{p,Zx(q,p) A ... AZ n (q,p)) = H(q,p) + L(q,V{q,p)), 



Hp{q,p) = 5pH{q,p) - (p,Zx(q,p) A ...Z a -x(q,p) A A Z a+1 (q,p)... A 2„(g,p) 

OZ a \z=Z(q,p) 

(8) 

2.4 Hamilton equations 

Let x i — ► (</(x),p(x)) be some map from X to O. To insure that this map is related 
to a critical point u : X — > 3^, we find that the necessary and sufficient conditions 
split in two parts: 

1) What are the conditions on x i — > (q(x),p(x)) for the existence of a map 
x i — > u(x) such that (x , u(x) , du(x)) < — > (g(x),p(x)) ? 

The first obvious condition is q(x) = (x,u(x)) = U(x). The second condition is 
that in Ty ®T*X, (x,y,vi) = (x,y,^) coincides with (q(x),V l a (q(x),p(x))). If 
we translate that using (|l|), we obtain that in SA n T(X x y), 

9q dq Oil dU _ . , s . ,. _ , , , ... 



But we found in (0) that the components in the basis y-g^q- A ... A q^tJ of the 
right hand side are Z^ 1 '^ n {q{x),p{xj) = dp 9n — - (q(x) , p(x)) . Hence denoting 









dq^ 






dx 1 


dx" 


d(x 1 , . 


.,x n ) 


dq^" 
dx 1 


dx" 



so that 



Ed(q fll ....,q fl ") d d 



dq dq 
_L A ... A — — = 

dx 1 dx n d(x 1 ,...,x n ) dq^ 1 



dqf- 



we obtain the condition 



-(x) 



dU 



-(q(x),p(x)). 



2) Now what are the conditions on x i — ► (q(x),p(x)) for u to be a solution 
of the Euler-Lagrange equations ? 

It amounts to eliminate u in (|2[) in function of (q,p). For that purpose we use 
(|5|) to derive 



d / dU 



dp dU 
dx a ' Sx 1 



ale" y ' ale 1 ' ' ' dx 01 - 1 ~£h/ dx a+1 
dU a dU 



^2 ( — — ■ — r A • • • A r A — '* • . A , ■ A . . . A 



dx 



a-1 



dy l dx a+1 



dU 
dx n 
dU 
dx n 



/ dU d 2 U dU a dU 

+ 2_^\P, A • • • A ~ - " 5 A ... A - : ; A — A ~ — tt~t A . . . A 



dx 1 
dp dU 
dx a ' dx 1 



dx a dxP dx - 1 ' ' dy i ' ' ax Q+1 

at/ a at/ at/ 



at/ 

dx n 



^2 ( — ■ — A . . . A r A — A — A . . . A 



dx 



a-l 



Q y i Q x ol+X 



dx r 



On the other hand we know from (|j) that = — §^t(q, V(g,p)). Thus we 



obtain 



dg 1 



E, (./</ ao a a« ao 

( tt^-, tt-V A ... A ~ — — t" A — A - A ... A — - 



dp dq 
dx^'dx 1 



dx ' 1 dy % dx a+1 dx 
The latter equation may be transformed using the relation 



dU 
dq 



T (q{x),p(x)). 

(10) 



El dp dq 
\ dx a ' dx 1 



dx 



a-l 



d 

A -r — r A 



<9g 



A ... A 



dq 

dx n 



E E 



//!<...< fl ri 

H a = n + i 



dq^i 
dx 1 


dq^i 

dx n 


Op t j, 1 ...fj, n 

dx 1 


dq""- 1 
dx n 

<9x n 


dx 1 


ax" 



E E 



^(x 1 , . . . , x n ) 

We summarize: the necessary and sufficient conditions we were looking for are 



jtZl < . . . < H r , 

H a =n + i 



dn 



d(q^,...,q^) 
d{x 1 ,...,x n ) dp^...^ 



E E 



u \q )•••;</ 1 Pii\...ii n i h >•••>*/ 



fll < . . . < /J, n 
Ha = n + i 

Some further relations 



d{x l , . . . , x n ) 



dn 

dy l 



(q,p)- 



fill 



Besides these equations, we have to remark also that equation (||) on the stress- 
energy tensor has a counterpart in this formalism. For that purpose we use equation 
(ph. Assuming that (x,u(x),du(x)) < — > (q(x),p(x)), we have 



dS<$ { dH^(q(x),p(x)) 

' dx« {x) 



ox 

dH(q(x),p(x)) _ _d_ / dq(x) 

dx? dx a \ p[ h dx 1 

dH(q(x) , p(x)) I dp{x) dq{x) 



dq(x) d dq(x) 



dx 



a-l 



Q x f3 Q x a+1 



dqix) d dqix) 

* A A A A A 

dx^ 3 \ dx a ' dx 1 "' dx*- 1 dx? dx a+1 "' 

Now assume that u is a critical point, then because of (||) and (fj), 

aw 



;W = Q^{x,u(x),du(x)) 



dx c 



dx@ 



(q(x),p(x)). 



And we obtain 



dp dq dq d dq dq 

A ... A - , A — t A - * A ... A ' 



<9x a ' Sx 1 



dx"" 1 dx^ 3 <9x a+1 



5 



Sx™ / Sx^ 



dn 

dx~P 



(q,p) 



or equivalentely 



^ 2. d(x\..., x n) d^ {n ^ p)) = -^ p) - 

a (J.% < . . . < H n 
Ma = (3 

(12) 

Conclusion The Hamilton equations (11) can be completed by adding ( |l2|) (which 



are actually a consequence of (|11|)). We thus obtain 

d{q^\...,q^) dU 



d(x 1 , . . . ,x n ) dp^. 

ST ST d(q^,...,q^-\p^ n ,q^+\...,q^) ^ d 3H 



Hi < ... < /Lt„ 
Ma = V 



(13) 



2.5 The Cartan-Poincare and pataplectic forms on 

M = K n T\X x y) 

Motivated by the previous contruction, we define the Cartan-Poincare form on 
k n T*{X x y) to be 

/ll<...<Aln 

Its differential is 

:= *w.* A A • • • A « 

/^i<...</^„ 

which we will call the pataplectic form, a straightforward generalization of the sym- 
plectic form. 



A first property is that we can express the system of Hamilton's equations (13) 
in an elegant way using ft. For any (q,p) G M. and any n- vector X G A n T( q ^A4 
we define X J € T* qp ^A4 as follows. If X is decomposable, i. e. if there exist n 
vectors Xi, ... , X n G TL^Al such that X = X\ A . . . A X n , we let 

XJfi(F) :=n(Xi,...,JT n ,F), V7 6T fep) jW. 

We extend this definition to non decomposable X by linearity. Let us analyse X J Q 
using coordinates. Writing X as 



/ll<...</in 

E 

jUl < . . . < fl a -i < [J, a+ i < ... < /Lt„ 
V X < ... <V n 

+ etc . . . 



A {ui...u n } u m A . . . /\ Cjt a _i /\ C 



"1- 



with the notations := d vl - Vn := — , we have 



dp vi . 



xjn = (-iy 



E 

/il<...<Mn 



E 

fll < ...< l± n 
fj, a = V 



Algebraic similarities with (|13| ) are evident if we replace X by r 



9(q,p) 



9(q,p) 
dx n 



d(x 1 ,...,x n ) •" 



9(g,p) 
dx 1 



A 



In particular we can see easily that the coefficients of dy 1 and dp ( 



Hi. ..[In 



■■■ A 

in (~l)" gCT~^n) J ^ an< i <^ coincide if and only if the Hamilton system (11) 
holds. Thus we are led to define 2 to be the algebraic ideal in A*A4 spanned by 
{dx 1 , . . . , dx 11 } and hence (|TT|) is equivalent to 

d(q,p) 



-ir 



d(x 1 , . . . , x n ) 



jQ = dH mod 2. 



(14) 



Definition 2 ^4 n-vector X £ A n T^ qp ^A4 is TL-Hamiltonian if and only if 

(-lfljfi = dU mod 2. (15) 
For such an X, it is possible to precise the relation between the left and right hand 



sides of (|15|) in the case where X is decomposable, i. e. X = X\ A . . . A X n . Notice 
that ([D]) implies in particular X L " n = ^ = 1 (where e := p\... n see (|l~3|)), which 
is equivalent to uj(Xi, . . . ,X n ) = 1. Hence we may always assume without loss of 
generality that the X a are chosen so that dx@(X a ) = 5a- Such vectors are unique. 

Lemma 1 Let X = X 1 A . . . A X n € K n T^ p) M such that dxP(X a ) = 6%. Then X 
is Ti-Hamiltonian if and only if one of the two following relations are satisfied: 



(-l)"IJfi = dH - dH(X a )da 



(16) 



or 



XJ(Q-d(Huj)) = 0. 



(17) 



Proof Let us prove first that (|T^) implies (|l6|). Since for any a, (3, dx@ [X a — 
0, equation (15) implies that for all a, 



(-1)"IJS! I, 







dx a 

-1 )"i 2 ( A i X n , X a 





dH X, 



_d_ 

dx c 



d 
~dx c 



(-lfljfi 



dH 



dx a ) dx L 



dH{X a 



dH{X a ). 



dH 

dx a 



This implies 



(-i)» x J n dx * = J2 ^dx« - ^ dn{x a 



)dx c 



Now if we rewrite fll5l ) as 

(-We*-|»(£)*' + E 

\ i \ y / w <...< 



5 



Efp*'+ E 

l (J.l<...<IAn 

and sum with (|TB), we obtain exactly QT6|). 



dp^i...^„ 

on 



dPfJtl...fJ, n 



dpm...ii n 



dp 



/ii.../x„ > 



(18) 



Now relation ([17]) is equivalent to ( |lq ) because of the following calculation. For all 
vector V and for any decomposable n- vector X = X\ A . . . A X n £ A n T( g iP )At such 
that da^(X a ) = <$£ (not necessarily W-Hamiltonian) , we have 



XJd{Huj){V) = dHAu(Xi,...,X n ,V) 

= ^(-l) Q " 1 dW(X a )t i ;(X 1 , . . . , X a _ u X a+l ,.. . ,X n , V) 

+(-l) n dH(VMX 1 ,...,X n ,V) 

= ^(-i) n - 1 dH(x Q )dx°(y) + {-i) n dn(v) 



thus 



XJd(Huj) = (-l) n ydH -^2dH(X a )dx a ^J 



and ( |16[) <^=^ (|17|) . Conversely it is obvious that ( |16|) and (|17|) implies (|15|) , 
As a Corollary of this result we deduce that a reformulation of { TA ) is 



d{q,p) 



d{q,p) 



dix 1 



x' 



J (dHAuj). 



(19) 



It is an exercise to check that actually this relation is a direct translation of 
(PI). 



2.6 A variational formulation of (|T3|) 



We shall now prove that equations (|13D are the Euler-Lagrange equations of 



some simple functional. For that purpose, let T be an oriented submanifold of 
dimension n in A n T*(X x y) such that co\r > everywhere. Then we define 
the functional 



A[r] := J 0-\H(q,p)u. 



Here A is a (real) scalar function defined over T which plays the role of a 
Lagrange multiplier. We now characterise submanifolds T which are critical 
points of A. 

Variations with respect to p 

Let Sp be some infinitesimal variation of T with compact support. We compute 



5A r (5p) = J Sp^,„^ (dq" 1 A ... A dq^ - \ „ U ' L to 



dH 

Qpii\...ii n 

Assuming that this vanishes for all 5p, we obtain 



(dq^A...Adq^) lr = X-^—u; lr . 

U Pil\... fin 

This relation means that for any orientation preserving parametrization (£,..., f 
(q,p)(jt\...,t n )oiT, 

d(q^\...,q^) , dH ( dq^ 1 dq» n 

- A— 00 



d{t\...^) dp^ n V^ 1 dt n 

But we remark that because J^ 1 = 1, the above relation for (//i, . . .,ji r 
(1, . . . , n) forces A = 1. Hence 



A\T] = Je-H{q,p)u. 



Moreover the equation obtained here can be written using the natural parametriza- 
tion (x 1 , . . . ,x n ) i — > (x,u(x),p(x)) (for which uo (gfr, • • • , = 1) and then 
we obtain 

dq ^ ^ dq dH . , 
dx 1 dx 11 dp ' ' 

i. e. exactly equation @ []. 



4 Note that this relation actually implies A[T] = J x L(x, q, dq)ui. Hence, as in the one-dimension 
Hamilton formalism, 9 — Tim plays the role of the Lagrangian density. 



Variations with respect to q 

Now Sq is some infinitesimal variation of T with compact support. And we 
have 



5A r (5q) = I J2 E^-.^^A- • .Ad(*9"")A. • .Adg"»- £ ^8q^-H{q,p)8u. 



/^i<...</t„ a 

We pay special attention to <5c<j: 

5cu = d^x 1 ) A . . . A dx n + . . . + dx 1 A . . . A d{5x n ). 

Hence 



J H(q, p)5u = - J 5x l (d(H(q, p)) A ... A dx n ) + . . . + 5x n (dx 1 A ... A d(H(q, p))) 



Thus after integrations by parts, we obtain 



<L4 r (5<?) = / - E E Sl^d^ 1 A ••• A dg^" 1 A dp^...^ A A ... A 

r lH<...<fl n a 



A' 



And this vanishes if and only if 

^ dq^A. . .Adq^Adp^ n Adq^A. . .Adq^-J^K ^ (n(q,p))uj 

a < . . . < fi n 

Again by choosing the parametrization (x 1 ,...,x n ) i — > (x,u(x),p(x)), this 
relation is easily seen to be equivalent to fllPf ) and ([12]). 

By the same token we have proven that if we look to critical points of the 
functional j r 8 with the constraint 7~t{q,p) = h, for some constant h, then the 
Lagrange multiplier is 1 and they satisfy the same equations. 

Theorem 1 Let T be an oriented submanifold of dimension n in A n T*(X x 
y) such that f2|r > everywhere. Then the three following assertions are 
equivalent 

• T is the graph of a solution of the generalized Hamilton equations (|73[) 

• T is a critical point of the functional j r 9 — 7i(q,p)oj 

• T is a critical point of the functional j r 9 under the constraint that 7i{q, p) 
is constant. 



2.7 Some particular cases 

By restricting the variables (q, p) to lie in some submanifold of M. = A n T*(X x 
y), the Legendre correspondance becomes in some situations a true map. 

a) We assume that all components p^,...^, vanishes excepted for 

Pl...n ='■ e an d Pl...(a-l)(n+i)(a+l)...n ='■ Pi 

and all obvious permutations in the indices. This defines a submanifold Ai Weyl 
of M.. It means that 



e lMwcyl = e dx 1 a. . . Adx n +^2^2 P? dxl A • • • A dx<x ~ x A d v l A dx ° +l A • • • A d%n - 

a i 

Then for any (q, p) G M WeyU (p, z 1 A . . . A z n ) = e + Y, a Ei Pi v i, W(q, v, p) 

ienc 

dL 



— j a z — j% J 

e + J2 a ^iPi v a ~ L(q, v). Hence the relation (]5|) §p-(<Z, v) — is equivalent to 



Pi 



dvl 



.(q 7 v) <=^v t Q = V l a (q,p). 



The relation (H) ^(g, i>,p) = w gives 



e = w + L(q, v ^ 



dvi 

a i ^ 

Last we have that H(q,p) = e + E Q T,iP?K((l,P) ~ L (Q, V(q,p)). 

This example shows that for any (q, v, w) G SA n T(X x y) x R, there exist 
(g,p) G .M such that (q, v, w) < — >■ (g,p) and this (q,p) is unique if it is chosen 
in M Wcyl 



To summarize, we recover the Weyl theory (see [23]). As an exercize, 
the reader can check that in this situation, equations (|H|) are equivalent to 



dy l __dH yr^dp 

dx" ~ dp?' 



dx a 



&H 



(20) 



b) We assume that (q,p) are such that there exist coefficients (^) a with 



Pfii...fi„ 



71 



71 



l-ln 



7T 



71 



l-ln 



This constraint defines a submanifold -M Carath<k) dory °f -M. Then 



1 \M C 



arathcodory 



A ... A 



Then it is an exercise to see that, by choosing w = 0, it leads to the formalism 
developped in [Q and associated to the Caratheodory theory of equivalent 
integrals. However it is not clear in general whether it is possible to perform 
the Legendre transform in this setting by being able to fix arbitrarirely the 
value of w. It is so if we do not impose a condition on w. 

3 Comparison with the usual Hamiltonian for- 
malism for quantum fields theory 

3.1 Reminder of the usual approach to quantum field 
theory 

Here we compare the preceeding construction with the classical approach to 
quantum field theory by so-called canonical quantization. We shall first ex- 
plore it in the case where X is the Minkowski space R x R n_1 and y = is a 
real scalar field. Hence y = R. Our functional is 

£[0] := / L(x, (f), dcj))dx. 
For simplicity, we may keep in mind the following example of Lagrangian: 




where we denote x = (x a )i< a < n -i. We shall also denote t = x°. 

The usual approach consists in selecting a global time coordinate t as we 
already implicitely assumed here. Then for each time the instantaneous state 
of the field is seen as a point in the infinite dimensional "manifold" $ := {$ : 
R n_1 — > R}. Hence we view the field rather as a path 

R — > $ 

t I — > [xi — ► <f){t,x) = $*(*)]. 

We thus recover the problem of studying the dynamics of a point moving in 
a configuration space The prices to pay are 1) $ is infinite dimensional 2) 
we lose relativistic invariance. 

In this viewpoint, C[<p] = / R £[t,$(t), %(t)]dt, where $(t) = [x i — ► 
<P&Z)] e f(t) = [x^§(t,x)] G T m $and£,[t,Q(t),&(t)] = / Rn _ 1 L(x, d<t>{x))dx. 

Then we consider the "symplectic" manifold which is formally T*$, i. e. 
we introduce the dual variable 



TT — — 

u dt 

or equivalentely U(t) = [x i — ► 7r(t,x) = Hs(t)] with 

^ / x 9£ r / ^\ 5£ r ^ . . d<E> . . , . , , , . ,, 

° dt d dt 

Here is the Frechet derivative. In our example 

n s (t) = ^(t,x). 

We define the Hamiltonian functional to be 



Now we can write the equations of motion as 

A Poisson bracket can be defined on the set of functionals {A : T*$ 1 — ► ^} 
by 

{A B} ■= [ ( 5A 5B - 6A 6B ] dx 

J R n-i \5tt(x) 5(j)(x) 8<j){x) 5ir(x) J 

where is the Frechet derivative with respect to <j)(x), i. e. the distribution 
such that for any smooth compactly supported deformation 5<p of 0, 



dA,p[5(f)} = / 5(j)(x) ytT5\ 



5A 

And we may formulate the dynamical equations using the Poisson bracket 

as 



~dT = 

dt w*/' 

with 

{$* = {u s , Us,} = 0, {Ug, $*} = 5§' = 5 n ~\x - x') 



This singular Poisson bracket means that for any test functions f,g 6 C, 
g(x)U 3 dx, / f(x')^'dx' \ = / f(x)g(x)dx 



x fit^n—l 



This implies in particular 

( f g(x)Tlxdx, [ f(x')V(^')dx'\ = [ V'{¥)f{x)g{x)dx, 
because of the derivation property of the Poisson bracket. 

3.2 Translation in pataplectic geometry 

We first adapt and modify our notations: the coordinates on M. = A n T*(K x 
M n_1 x M.) are now written {q^iP^...^) = (x a ,y,e,p a ) where < a < n — 1, 
q° = x° = t, (x Q )i< Q < n _i = x, q n = y and 

e := PO.-.(n-l) P a '■= PO...(a-l)n(a+l)...(n-l)- 

Hence 



n-l 

# = e dx° A ... A d/" 1 + A ... A dx a ~ l Ady A dx a+1 A ... A dx n -\ 

or letting u; := dx° A ... A dx n_1 and co a := (-l) Q Gb° A ... A A dx a+1 A 

...Adx n ~ l = £,Auj, 



n—l n—1 

9 = t us + £> a cfo/ A a; a and fl = de A uj + <ip a A dy A uo a . 

a=Q a=0 

Thus we see that in the present case the pataplectic formalism reduces es- 
sentially to the Weyl formalism, because the fields are one dimensional. 

Let us consider some field and a map x i — > p(x) such that (x, (f>(x), d(f>(x)) 
(x,(f)(x),p(x)) []. This implies the following relations 



dL n 1 d(f) 

P a = -^-{x,(f)(x),d(f)(x)) and e = w + L(x, <f>{x), d(j>{x)) - ^2p a g^( x ) 

a a=0 



^meaning that for some w : M x W n 1 — > K, we have (a;, <j>{x), d<j)(x), w(x)) «-> (x, </>(x),p(x)) 



We let T := {(x,(j)(x),p(x))/x G R x R n_1 } C M and we consider the 
instantaneous slices S t ■ = V H {x° = t}. These slices are oriented by the 
condition J^\s t > 0. Then we can express the observables 

&(t) := / f(x)$ s (t)dx, ILg(t) := f g{x)Tl s {t)dx 

and 



S)[$(t),tt(t)} = I [n(t,x)^(t,x)-L(t,x,(f)(x),d(f)(x)))dx= I ^H°{t,x,<j))u 



as integrals of (n — l)-forms on S t . First 

= ! f(x)(f){t, x)dx l A ... A dx^ 1 = [ Q f , with Q f := f(x) y cu . 

JSt J St 



» » n— 1 

n fl (t) = / g(x)ix(t, x)dx l A ... A dx n ~ l = / P 9 , with P 9 := J^p a 

J s t J s t a=0 

because n(t, x) = §^(x, 4>{x)-, d<f>{x)) = p° and uo a \s t = if a > 1 
And last 



II(*)] = / H(q,p)iu - [ eu + J2p a dyA (JLj Uq \ = / 



where 



n-l 

„n-l 



^ : = H{q,p)u) - eu + ^p a dx 1 A ... A da;"" 1 A dy A dx a+1 A ... A dx r 



a=l 



because # °(x, 0) = H(q,p)-(p, f Az x A. . .Az n _ x ) = H(q,p)-(e + ELi 
We remark [] that 

»7o = ~J(0-W(?,p)w). 



6 we observe also that P 9 = g(x)J^ J = g{x)-j^ J (0 — H(q,p)ui) 



3.3 Recovering the usual Poisson brackets as a local 
expression 

Our aim is now to express the various Poisson brackets involving the quantities 
<&f(t) and II s (i) along T using some analogue of the Poisson bracket defined 
on (n — l)-forms. We generalize slightly the definition of Qf to be 

n-l 

Qf = Y^f a (x)yuj a , (21) 

where / := Yla=o f a ( x )l$p * s some vector field. Hence our observables become 

= f Qf and IT 5 (t) = / P g , (22) 
Js t Js t 

where P g := g(x) Yla=oP auJ a as before Q We shall see here that we can define 
a bracket operation {., .} between Qf , P g and r] such that the usual Poisson 
bracket of fields actually derives from {., .} by 

/ {P g ,Q f } = { [ P g , [ Q f ), etc... (23) 

J S t I J St J St J 

First we remark that 



71 — 1 71 — 1 a »q 71 — 1 r\ '!%— 1 O Jf fV O 

= E/ .* AM . + EB «,,, = E/ .^. jn + E „g.| jn 

o=0 a=0 a=0 ^ a=0 

and 



n— 1 o n— 1 n— 1 



where 



and 



«=0 a=0 a=0 y 



Tl 1 r-v 1 AfQ/ a 

CK=0 = 



y a=0 



7 notice that actually J s Q-^ = J g 2/ w o 



Also notice that 

n-l 



dr] = (dH - de) A u - dp a A dy A ( ^-^ J^ J • 

Q = l ^ ' 

Definition 3 We define the Poisson p-brackets of these (n — 1) -forms to be 
{Vo, Q f } ■= -£qt J drio, {rj , P g } := -£ Pg J drj , 

{P g , Q f } := -i Qf J dP g = £ Pg J dQf = & J (£ Pg J fi) 

and 

{g/, q/'} : = ^ j (e Q/ j n), {p 9 , p 9 ,} ;= £ Pg , J J n). 

Let us now compute these p-brackets. We use in particular the fact that 

dU — 
de L - 

( n-l o n-l nr a p. \ / n-l / 

n-l ^ n-l / 

a=0 F o=l V 



<9x 



Jw 



n-l 

= #E^ a ' 

a=0 

and {Q / , Q^} = {P g , P g ,} = 0. We now integrate the p-brackets on a constant 
time slice S t C T. We immediately see that 

/ {P g ,Q f }= [ gf°UJ = {7T g (t) 1 ¥(t)}=\[ P g , f Q* 

JSt Jst KJSt Js t 

and we recover (p3|). Second, 



Jot Jot a=0 r a=1 

Third, 

Now let us assume that V is the graph of a solution of the Hamilton equations 
(0) or ©. Since then ^ = along T, 

and because of -f - £ = 

We conclude that 

and 

d f d f dv° da f 

Jt I p > = Jt n ' {t) = i 9 ~k"° + = I <■*» p " } + n «« <*>■ 

This has to be compared with the usual canonical equations for fields: 

3.4 An alternative dynamical formulation using p-brackets 

We can also define the p-bracket of a n-form with forms Q* or P g as given by 
( PH ) and Q22|). If t/> is such a ra-form, 

{^Q'} :=-&,/ J # and {V>, P g } := -£p s J #, 
where (^4|) and (|25|) have been used. An important instance is for ip = 1~Loj: 

a=0 ^ a=0 



We shall integrate this p-bracket on := {(q,p) 6 T/ti < t < £2}, where we 
still assume that T is the graph of a solution of the Hamilton equations (|Kj|). 
An integration by parts gives 



Qf= Qf- Qf. 

drll Js t2 Js H 



Similarly we find that 



11 ~ 1 Q 



dx a ^ dy ' 



and thus 



Mi Mi \ d y t^ dx J 

= I p 9 = f p 9 - [ p 9 - 

JdT\l JSt 2 JS H 

We are tempted to conclude that 

dQ f = {Hu,Q f } and dP g = {Hu,P} 1 

where d is the differential along a graph T of a solution of the Hamilton 
equations (|TT|). This precisely will be proven in the next section. 

4 Poisson p-brackets for (p — l)-forms on J\A 

We have seen on some examples that the Poisson bracket algebra of the clas- 
sical field theory can actually be derived from brackets on (n — l)-forms which 
are integrated on constant time slices. Actually these constructions can be 
generalized in several ways. 

4.1 p-brackets on (n — l)-forms 

We turn back to M. = A n T*(X x y) and to the notation of the previous 
Section. Let T(M, A n ~ 1 T*A4) be the set of smooth (n — l)-forms on M. We 
consider the subset ^3 n_1 A^ of T(A4, A n ~ 1 T*Ai) of forms a such that there 
exists a vector field £ a = S(a) which satisfies the property 



da = -CaJ^- 



Obviously S(a) depends only on a modulo closed forms and the map a i — >■ 
S(a) from *p n_1 .M to the set of vector fields induces a map on the quotient 
ty^M/C^iM), where C n ~\M) is the set of closed (n - l)-forms. A 
property of vector fields S(a) is that there are infinitesimal symmetries of ft, 
for 

£ H(a) ft = d (5(a) J ft) + 5(a) J dft = -d o da = 0. 

We shall denote pp.M the set of pataplectic vector fields, i.e. vector fields X 
such that X J ft is exact. Clearly S : q3 n - 1 «M/C n-1 (.M) — ► PP-^ is a vector 
space isomorphism. 

Then we define the internal p-bracket on *P" _1 .M by 

{a, 6} := ~(6)j~(a)jft. 



Lemma 2 For any a, b G ?p n \M, 

d{o,6} = -|S(o),S(6)]jn. (26) 

Proof Let £ a = S(a) and £ b = S(6). Then denoting C^ a the Lie derivative 
with respect to £ , 

J ft = Aa(6)j« 

= £ fa feJft)-6JA a (^) 

= d(£a J & J ft) + £a J d(& J ft) - 6 J (<*(£« J 0) + £a J dft) • 

But since dft = d(£ a J ft) = d(& J ft) = 0, we find that [f OJ £ 6 ] J ft = d(£ a J ^ J ft) 
— d{a,o}. ■ 

Lemma 3 S : <p n_1 .M/C n_1 (.M) — > pp.M a Lie algebra isomorphism. 
More precisely we have 

S({a,6}) = [S(a),S(6)]. (27) 
27ms implies the Jacobi identity modulo exact terms in ^3 n_1 .M: 

{{a, 6}, c} + {{6, c}, a} + {{c, a}, 6} = d(£ c J £ b J £ a J ft). (28) 



Proof Relation (|27|) is a direct consequence of fl26|) in Lemma 2. The Jacobi 
identity follows from 



{{a,6},c} = £ C J [£«,&] J 

= £ c Jd(£«J&Jfi) 

= A c (^«J6J«)-d(6Je«J6J«) 

= [£c, f «] J 6 J + £a J [£c, &] _l ^ + £a J 6 J £ ? c (ft) + d(£ c J 6 J £a J Q) 

= -{{c,a},b} - {{6,c},a} + d(£ c J6J£aJ^), 

where we have used (^7|). ■ 

We can extend the definition of the p-bracket: for any < p < n the 
external ^-bracket of a p-form a G T(7W, A P T*A4) with a form 6 G ^p n-1 .M is 

{a, 6} = —{b, a} := — H(6) J da. 
Of course this definition coincides with the previous one when a G < $ n ~ 1 Ai. 

Examples of external p-brackets For any a G ^p n ^Ai, 

{0, a} = -H(a) Jd6 = -5(a) J = da. 

We can add that it is worthwhile to write in the external p-brackets of observ- 
able forms like g M , q^dq v , etc ... 

{P ijn q»} = Z{Pi*)Jdqi> = g6?, 
{Q i,f , Q 1 "} = H(Q^)jdg^ = 
{P i>g ,q»dq»} = E{P i>g )jdq^Adq v ^g{Sfdq^-5^). 



Theorem 2 Let T be the graph in M. of a solution of the Hamilton equations 
( [Op and write U : x i — > = (x, the natural parametrization of 

T. Then for any form a G <i $ n ~ 1 Ai, 

da = {Hu, a}, 

where d is the differential along T (meaning that da\r = {Hcj,a}\r). 

Proof We choose an arbitrary open subset D C T and denoting £ a = H(a), 
we compute 



>D 



{Hu;,a} = - [ Z a j(dHALu) 
Jd 



dHAcui £ a , 



u-hd) 



dU 

dx 1 



dU 

dx n 



9a; 1 . . . dx n 



We use equation (|T9|) and obtain 



(D) 

n ( dU dU 

//-1(D) V a ' dxl ' " ' ' dxn " 

^JH= / da. 



And the Theorem follows. 

Another way to state this result is that 



along any solution of (|TT1). 



{Hu.a} = / a (29) 

D JdD 



4.2 Expression of the standard observable (n — l)-forms 

These quantities are integrals of (n — l)-forms on hypersurfaces which are 
thought as "constant time slices", the transversal dimension being then con- 
sidered as a local time. The target coordinates observables are weighted 
integrals of the value of the field and are induced by the "position" p -forms 

QiJ , = y i ^2f a (x)u a = y i fjuj, 

a 

where / = ^ a f a {x)-£^ is a tangent vector field on X and u a = -^-Jlu. 
The "momentum" and "energy" observables are obtained from the momentum 
form 

where g is a smooth function on X. Alternatively we may sometimes prefer 
to use the p-forms 

For 1 < fi = a < n, P* g =: H a ^ g generates the components of the Hamil- 
tonian tensor but P a<g (which is different from P&g) does not in general. 
However the restrictions of P* g and P^ g on the hypersurface TC = coin- 
cide so that if we work on this hypersurface both forms can be used. For 
n+l<fi = n + i<n + k, P* = P^ g =: P i>9 generates the momentum 



8 



comparing with the one-dimensional Hamiltonian formalism we can see these target coordinates as 
generalizations of the position observables. 



components |. 



To check that, we consider a parametrization U : x i — > (x , u(x) , p(x)) 
of some graph F and look at the pull-back of these forms by U. We write 
U*P* g = s^up, which implies s^u = dx 13 A U*P* g and we compute 

* = »w(f.||A...A^A| : A^ fr A...A^) -rtxVtH 

I dx 



OX 



Hence we find that 



U*H aj9 = -g(x)^2H^(q(x),p(x))ujf3 = g(x)^2 S^(x,u(x), du(x))ujf3, 

P P 

U*Pi, g = g{x) £ -jrr- U P = 9{x) £ 7rH x ' du ( x )) u P- 

P \*=% P 

We shall prove below that P^ g (and hence P itg ) and Q 1 ^ belong to ^3 n_1 .A/f. 



4.2.1 Larger classes of observable 

These forms, which are enough to translate most of the observable studied in 
the usual field theory, are embedded in two more general classes of observables 
the definition of which follows. 

Generalised positions (see the footnote [8]) They are forms Q*> in A n ~ 1 T*(Xx 
y), i- e. 

Q C := £ C^n-AlW 1 A.-.Adg^- 1 . 

jiii<...</i n _i 

An example is Q iJ = y i f(x)d ct Juj. We denote tyq^M = A n ' 1 T*(X x y). 

Generalised momenta For each section of T{X x y), i. e. a vector field 





we define the (n — l)-form 
The advantage of P^ iS with respect to P* is that P^.g belongs to '%} n ~ 1 A4 for all values of /i. 



P« :={_!» = E«"£-I«. 

An example is for £ = g(x)-£^, then we obtain P g ^^_ = P^ g . We denote 
*P P _1 .M the set of such (n — l)-forms. 

Lemma 4 <Pg _1 .M ans *Pp _1 .M are subsets of^^M, precisely 



where 



so i/ia£ 



Proof We have 



!/ /il<...</X n _l 

a /Lii<...</i n 

E/_1\Q-1 ^CMl-Ma-lMa + l-/J" ^ iQ 

And the expression for S(Q^) follows. 
Next we write 

d d 

' ,J„f A 1/3 \ ftt 



t ^ ^ ^ <9<7^ ^ 9(7^ 

and we conclude by computing cig 1 ' A J 9, indeed 



d 

dq v A — — J 9 = J3 E^V-' 1 ™^"^ 1 A • • • A A dq v A dq^ a+1 A ... A dq^ n 



dq^ 

m<...<n n a 



= E S^-^-i^+i-^^^ 1 A • • • A 

Hl<...<Hn a 



Hence we deduce the result on P%. 
Poisson p-brackets 



We are now in position to compute the p-brackets of these forms. The results 
are summarized in the following Proposition. 

Proposition 1 The p-brackets of forms in ty^M and ty r !p~ l M are the fol- 
lowing 



{Q C ,Q<} = o 

tll<...<Hn a /I 

Proof These results are all straighforward excepted for {P^P^},. We remark 
that S(P e ) J9 = ^J9 = P^ and 

C E{P() (9) = Z(Ps)jd9 + d(Z(Ps)j9) 

= ~(Pz)jSl + dPt = 0, 1 ' 

so that Z(P^) may be viewed as the extension of £ to a vector field leaving 9 
invariant. Now we deduce that 



[£,|]J0 = [Z(Ps),Z(P i )]j9 

= £ s( p 5) (S(P f ))j0 

= £ B(Pt) (S(P f )je)-S(P f )j^ ( p t) e 

= S(P € ) J d(S(P f ) J 0) + d(S(P € ) J S(P | ) J 0) - S(P^) J 

= S(P e )jdP f + d(^j|j0) 

= -s(p € )js(P|)jn + d(e_ifj0) 

= {p € , p f }-d(e 



And the result follows. 



4.2.2 Back to the standard observables 



As an application of the previous results we can express the pataplectic vector 
fields associated to Q 1 ^ and P^ g and their p-brackets. For that purpose, it is 
useful to introduce other notations: 



and 



Pf 



= Pl...n 

= Pl...(a-l)(n+i)(a+l)...n 

— Pl...(ai-l)(n+u)(ai+l)...(a 2 -l)(n+i 2 )(a2+l)...n 

etc . . . 



CO 



n*2 

QlQ2 



in such a way that 



rfj/'Af^Jw) =: (^A9 Q )J 
{dy h Ad ai )j{dy^ Ad a2 )juj 
etc . . . 



LO 



6 = euj 



n 1 



1 

p=l i\,...,i p ;ai,...,a p 



fix...i v ^a\...ot v ' 



(Notice that the Weyl theory corresponds to the assumption that p^"'" p 
Vp > 2.) We have 



0, 



where 



Q ™ 1 / P 

A Q f _ -U V — \^ I ai.-apra ai... aj - la a j+1 ...a 

P Q e ~ p|2 Z-/ l-P»i...ip "/3 Z-^^i-b-i ijJj+i-tn 

p=l ii,...,i p ;ai,...,a p \ j=l 

n— 1 -. 

El \ r ««i...« p 

Z|2 Pih-.ip q<xi~°>p 

p=0 ' h,...,i p ;ai,...,a p t>i\...i v 

The pataplectic vector fields are 



q ^ Qf a Q 

a 1 a 

a 

Finally by using Proposition 1, the Poisson p-brackets will be 



{Q iJ ,Q jJ } 



= o, 



(0 
9 ~ 9 d^ J W j9 



{Pi, 9 ,Q jJ } = SjJ2f a 9^- 



a 



Hence if g and g have compact support, we obtain that on any sub manifold S 
of dimension n — 1 without boundary, 



4.3 Extension of the p-bracket to forms of degree less 
than n — 1 

The p-brackets defined above allow us to express the dynamics of an observ- 
able which is in <! $ n ~ l M.. We shall extend this bracket to some forms in 
T(M, A P T*M), where < p < n — 1. Like in the case p — n — 1, not every 
p-form is admissible and, as we shall see, the class of such p-forms is quite 
restricted and is basically composed of "position" observables. However when 
the Hamiltonian system is degenerate, due to some gauge symmetry and con- 
straints, some "momentum" observable can be represented by p-forms with 
p < n — 1. An instance of such a situation is the electromagnetic field studied 
in Section 5.3. 

For 1 < p < n, we define ty p ~ l M to be the set of sections a of T(M , A P_1 T*.M), 
such that, for all 1 <«!<... < a„_ p < n, 



We introduce anticommuting (Grassmann) variables r 1? . . . ,r n , which be- 
have under change of coordinates like ^p-, . . . , We shall consider functions 
and forms depending on the variables (r a , x a , y\ p W) ... iMn ). Alternatively they 
can be seen as functions on the bundle UTX <S>x M., where UTX is a copy of 
TX in which the parity of vectors in the fibers T X X has been reversed. We 
consider s T(Ai, A n ~ 1 T*Ai) to be the set of (n — l)-forms on M. whose coef- 
ficients are in the algebra R[ti, . . . ,r n ]. More intrinsically, S T(M, A n ~ l T*M) 
can be identified with C°°(UTX) ® c °°{x) V(M,h n ~ 1 T' k M), meaning that any 
form A G s r(A4, A ra ~ 1 T*A / f) is a finite sum of terms of the form <f)(x,r)9, 
where <p E C°°luTX) and 6 e T(M, k n ' l T*M). Through this identification 
we can define s ?$ n ~ l M. to be the subset of s r(A4, A n ~ l T*Ai) linearly spanned 
by <j>(x, t)9, where G C°°(UTX) and 9 G ^ n ~ l M. 




and 




dx ai A ... A dx a - p A a G ty^M. 



Obviously for any A e s ty n ~ 1 M, there exists some vector field H(A) 
on .M with coefficients in R[ti, . . . , r n ] such that dA = — S(A) J f2. A more 
geometrical description of is that it is a section of the bundle TITX ® x 
TM over M. 

We embedd each q^A-l in by 



where the "superform" s a is defined by 

s a := ^ r «i • • • T a n - P dx ai A ... A cfe an - p A a. 

t*i<...<a„-p 

Then 

S ( Sfl ) = r -i • • • r «n- P S (^ ai A ... A dx an - p A a). 

ai<...<a„- p 

We endow s ty n ~ 1 M with the Poisson p-sbracket defined by 

{A,B} 8 := (S(A)AS(B))jn, 
where assuming that A and -B are homogeneous in r a and are given by 



^4 — ^ r ai . . . r an _ p A° 

ai<...<a n -p 
/3i<...</3„_, 



{A, 5} s = £ E r Q1 . . . r Qn _ p r ft . . . 7fc,_,S(5*~A-) J S(A— -) J n. 

oti<...<a n - p /3i<...</3„_ 9 

Lemma 2 implies immediately that 

d{A,B} a = -[U,S B ]sJn, 

where £a = —(A), £ B = and the (super)-Lie bracket [., .] s is defined for 

homogeneous forms A and B by [UMsf = U J ^ J df)+(-l)\ A W B \ +1 ^ B J J df) 
(here |A| and |5| are the homogeneity degrees in the variables r a ). Further- 
more, one can deduce easily from Lemma 3 the following relations for all 
homogeneous forms A, B and C in s ty n ~ 1 M, 



{A,B} S = (-1)^ B \ +1 {B,A} S , 



(_1)W|C| {{A> B } s , C} s + (-l)\ B " A \{{B, C} s , A} s + (-1)\ C W B \{{C, A} s , B} s = 

Hence s< $ n ~ 1 A4 has the structure of a graded Lie algebra modulo exact terms. 

Now suppose that we can prove that for some forms a G ty p ~ l M. and 
b G ^P 9_1 .M, { s a, s b} s is equal to some s c where c G ^ p+q ~ n ~ 1 M , then we 
could define the internal p-bracket between a and b by {a, b} := c . This 
turns actually to be true for a simple reason: all these brackets vanish by 
Proposition 2 below 0. However this fact is no longer true in general in the 
interesting case where we have constraints as shown in Section 5.3. 

Lemma 5 For 1 < p < n, *p p_1 .M coincides with A P ^ 1 T*(X x y). 

Proof First step: let 1 < p < n and a G ty p ~ 1 Ai and choose any 1 < ct\ < 
■ ■ ■ < a n - P < n, so that dx ai A ... A dx an ~ p A a G ^} n_1 .M. Let us denote 
£ := E(dx ai A ... A dx a "- p A a). Decompose £: 



Then 



/xi<...</^„ 

-^£^(-1)° ^ %!... M „ A^ 1 A.-.A^" 1 A^" +1 A...Arfg M ". 
a=1 Mi < • . . < Mn 

Ma = f 

This expression should be equal to (-l) n_p_1 (ix ai A ... A dx an ~ p A da. Note 
that for any 1 < v < n + k, there exist n integers \i\ < . . . < /i n such that 
f G {/ii, . . . , /i n } but «i G" {/ii, . . . , /z n }- This forces £^ = 0. Hence we are left 
with 



(-l) n - p - l dx ai A...Adx an ~ p Ada = - ^...^Jq 1 " 1 A . . . A dq^ 

^l<...<fl n 

which implies that a does not depend on the variables p^...^. Hence a G 
hP- l T*{X xy). 

Second step: Conversely let a G A P_1 T*(A" x y). Then, for each 1 < ai < 
• • • < ci n -p < n, dx ai A ... A dx an ~ p A a belongs to A n_1 T*(A' x which is a 
subset of G *p n_1 .M by Lemma 4. So a G <P P-1 .M. ■ 

excepted of course in the case where p = n or q = n 



Proposition 2 a) For 1 < p, q < n, a G ty^M and b G ty^M the 

p-sbracket of s a with s b vanishes: { s a, s b} s = and hence the internal p- 

bracket {a, b} exists and is equal to 0. 

b) For 1 < p < n, a G and b G ty^M, 

{ s a, s b} s = - s (db)E(a)(r) + s {a, b}, (31) 
where {a, b} = S(a) J db is the external p-bracket and 

S(a)(r) :=^^(S(a))r a . 

(7t is actually a superfunction on UTX.) As a consequence, if dx a (S(a)) = 
0, Va, £/ie internal p-bracket {a, b} exists and coincides with the external p- 
bracket. 

Proof Case a): by Lemma 5 a and b are in A P ~ 1 T*(X x y) and A q ^T*(X x y) 
respectively, so s a and s 6 are in C°°(IITX) ®c°°{x) A n ~ 1 T*(X x y). Hence their 
p-sbracket vanish by Proposition 1. 

Let us consider the case b). Let us denote £ a = S(a) and write 



then 



{a, *6} s = J] (-l) n_P r Ql . . . r Qn _ p £ J (dx^ A ... A dx a — A d&) 

«i<...<a„_ p 

n— p 

= ( — 1) P ^a^a T a l T a 1 ■ ■ ■ r ai_ x r a w ■ ■ ■ T a„- P 

a Qi<...<a„- P Z=l 

dx ai A ... A rfi" 1 - 1 A A ... A dx^ A d6 

+ Yl ^■■■r an _ v dx ai A ... A cfe a "^ A (f J d&) 

ai<...<o;„_p 

= (-l) n - p ^CX £ T ai • • • ToL n —p-\dx ai A ... A dx an ~ p ~ 1 A 

a ai<...<a n _ p _i 
+ S (£aJ^) 

= (-lT- P EaCT a S (db)+ °{a,b}. 

And the claim is proved. ■ 
One simple example is the 0-form yK The associated superform is 

d 

V = J2y 3 (-lT~ 1 T 1 ...T a _ 1 T a+1 ...T n —JU. 



Since 

d V = X^ -1 )"^ 1 • • • r "-i r "+i • • • T n U i' 

a 

we have 

d 

S( V) = ^(-1)^1 • • • T °-l^+l • • • T ng-^- 
a 3 

Let us compute the p-sbracket with P { = Jj~ J 9: 

{Pi, s y j } s = ^-^■■■^-^■■■ r ^J-^- i J^ 

a ^ • d 

= ^(-l) Q_1 Ti . . .T a ^T a+1 . ..tJI—Au 



dx a 

a 



Thus 

4.4 Integral of an observable in ty p l M. and dynamical 
equations 

Let T be a submanifold of dimension n on M. and let D be be some oriented 
submanifold with boundary of dimension p (1 < p < n) included in T. We 
consider Dr, the fiber bundle over D whose fibers at the point m G D is the 
oriented tangent space to Y at m. 

Definition 4 Let a e y?~ x M. and up e T(M,A n T*M). We define the p- 
sbracket 



{>, s a} s := -~( s a)Jij 

= - ^2 r "i • • • T a n - P -(dx ai A ... A dx an - p A a) J dip. 

cti<...<a n - p 

(32) 

We define the integral of {tp, s a} s over Dr to be 

j {4,, s a} s :=f - (X ai A...AX an _ p AE(dx ai A...Adx a ^Aa))jdij, 

(33) 

where X = Xi A. . -AX n is the n-vector tangent toT atm such that dx a {Xp) = 
5p. Notice that this definition does not depend on the parametrisation which 
is used. 



Theorem 3 Assume that T is the graph of some solution of the Hamilton 
equations ([T^j. Then for any a G ty p ~ l M., 



da = {Hcj, s a} s . 

L> JD T 



(34) 



Proof We can always assume that D is the image of some parametrisation 



A 



D 



-> U(x(t)) = (x(t),u(t),p(t)), 
where A is an open subset of MP. Then 



{Hu, s a}. 



I - (Xa-i A ... A X an _ p A E(dx ai A ... A dx Q "-* A a)) J 

A ai<...<a n _p 

f dU o x dU o x \ , i 
dHAul — — - — I dt 1 A . . . A dt p 



I- V *^ A a; (X ai , . . . , X an _ p , E(dx ai A ... A dx° n ~ p A a), X^, 



ai<...<a„_ p /3i<.. .</% 

' dx^ 1 dx^ p \ 
det I -— , . . . , — — ) (it A ... A dt p . 



St 1 



Now by using (|T9), 



f^n-p+i Yl ^ (S (dx ai A ... A dx a ™~ p A a), X ai , . . . , X Qn _ p , X / g 1 

• A ai<...<a„- p /3i<...</3 p 



det ( — — I (it A ... A dt p 



St 1 



9tP 



[ Yl dx ai A...Adx a - p Ada(X ai ,...,X an _ p ,X l3l ,...,X Pp ) 



ai<...<a n _ p p x <—<Pi 

' dx^ 1 0x^ p \ 
det I — tt- — I (it A ... A dt p 



9t 



l ' ' ' ' ' 



^ ^ rt, ^ ^ ft. v / 



Q x /3i Q X P V \ 

(it A ... A (it p 



Px<...<pp 
da. 



D 



There exists however a much simpler concept of bracket between Tiu and 
observables in ?fi p ~ l A4 which is also suitable for the dynamical equation in 
most cases. Namely we call a form a in *p p_1 .M an admissible form if V«i < 
. . . <. <y n —p, 

dx a (E(dx ai A...Adx an - p A a)) = 0, Va , , 

or equivalentely dx a (E( s a)) = 0, Va. 

The reader may wonder the meaning of this definition since, in view of Lemma 
5, all forms in *P P_1 .M are admissible for p < n. Again the point is that we 
may encounter variational problems with gauge symmetry and constraints for 
which non admissible forms exist in *p p_1 .M. 



Definition 5 Assume that a G yP~ l M satisfies and letib G T(M,A n T*M). 
Then we define the p-bracket 



d d 

fib a} := - > - A ... A — A E(dx ai A . . . A dx an " p A a) J dip. 

«i<...<a„- p 



Lemma 6 Let a G ^ P ~ 1 M. be an admissible form (i. e. such that j^Sdj) holds) 
and let T be a n- dimensional submanifold of M. which is a graph over X . Then 
for any oriented submanifold D of dimension p included in V, 

[ {Hu, s a} s = [ {Htu,a}. (36) 

JD r J D 

Proof We use the same notations as in the proof of Theorem 3. Because of 
the condition (|3li|), 

dUAu (X ai X an _ p , E(dx ai A ... A dx a — Aa),I ft) ..., X Pn _ p ) 

a 1 <...<a n - p 

= (^T~ P dH(~(dx Q i A ... A dx a — A a))u(X a „ . . .,X an _ p ,X Pl , . . .,X Pn _ p ) 



ai<...<a n - p 

= £ (-V n - p dH(E(dx^ A ... A dx"^ A a))u (JL., 

Qi<...<a„_ p 



= £ dHAuj UL, . . . , _J?_ H(dx «i A ... A dx°- A alXfr . . . ,X Pn _\ 

cei<...<a n -p ^ ' 



ai<...<a„. 



This implies the result by summation over f3\ < . . . < (3 n - p and integration 
over D. ■ 



Corollary 1 Let a G <i ^ p ^ 1 Ai be an admissible form and let T be a n-dimensional 
submanifold of M. which is a graph over X of a solution of the Hamilton equa- 
tions filQ). Then for any oriented submanifold D of dimension p included in 

r, 



{Hlu, a} — da. (37) 

D JD 

Examples The 0-form y l and the 1-form y l dyi are admissible and 

a % 

{Hu,yW} = E|^ a Adx ^ 

ot</3 VPij 



4.5 Noether theorem 

It is natural to relate the Noether theorem to the pataplectic structure. 

Let £ be a tangent vector field on X xy, C, will be an infinitesimal symmetry 
of the variational problem if 

£s(p e ) (0 - Huj) = 0, 

since then the integral f r 9 — Huj is invariant under the action of the flow of 
£. Then for any solution x i — > (U(x),p(x)), of the Hamilton equations, the 
form P£ is closed along the graph of this solution. This means that if T is the 
graph of {U,p), 

dP* T = d(ZJ(9-?{w))\ T = 0. 
This is a direct consequence of Theorem 2 and of the following calculation. 

Lemma 7 For any section £ ofT(X x y,T(X x y)), we have the relation 

{Huj, PJ = £b(p € ) (0 -Huo) + d(U Huj) . (38) 
Proof Using the definition of {Huj, Pg}, we have 



C S{P() (9 - Huj) = H(P e ) J (d9 - dH A u) + d (S(P € ) J (9 - Huj)) 

= E(P € )jfi-S(P € )_|dWAu; + d(£j0-£jWu;) 
= -dPt + {nu,,P s } + d{Pt-ZJHu)), 



and the result follows. 



Remark 1 It appears that it will be interesting to study solutions of the 
Hamilton equations with the constraint H — 0. This is possible, because of 
the freedom left in the Legendre correspondance, thanks to the parameter e. 
The advantage is that then the energy-momentum observables are described by 
P a , g which belongs to ^3 n_1 .M. 

Remark 2 As a consequence of these observations it is clear that on the sub- 
manifold TC = 0, the set of Noether currents can be identified with *P P _1 .M. 
So we can interpret the results of Proposition 1 concerning ^Pp -1 .M by saying 
that the set of Noether currents equipped with the p-bracket is a representation 
modulo exact terms of the Lie algebra of vector fields on X x y with the Lie 
bracket. We recover thus various constructions of brackets on Noether currents 
(see for instance 

5 Examples 

We present here some examples from the mathematical Physics in order to 
illustrate our formalism. We shall see that, by allowing variants of the above 
theory, one can find formalisms which are more adapted to some special situ- 
ations. 

5.1 Interacting scalar fields 

As the simplest example, consider a system of interacting scalar fields {(f) 1 , . . . ,(f> h } 
on an oriented (pseudo-)Riemannian manifold [X, g). One should keep in 
mind that X is a four- dimensional space-time and g a p is a Minkowski metric. 
These fields can be seen as a map (f> from X to M k with its standard Euclidian 
structure. The metric g on X induces a volume form which reads in local 
coordinates 



lj := g dx 1 A ... A dx n , where g := yj \detg a p(x)\. 

Let V : X — > M. k be the interaction potential of the fields, then the La- 
grangian density is 

Here 4>i = (f> % and we assume that we sum over all repeated indices. Alter- 
natively one could work with the volume form being dx 1 A ... A dx n and the 
Lagrangian density being gL, in order to apply directly the theory constructed 
in the previous sections. But we shall not choose this approach here and use 
a variant which makes clear the covariance of the problem. 



Si]). 



We restrict to the Weyl theory, i. e. we work on the submanifold A^*weyi; 
as in subsection 2.7. So we introduce the momentum variables e and pf and 
we start from the Cartan form 

9 = ecu +pfd(f) 1 A LU a , 

where ui a := d a Jul. But here uj a is not closed in general (because g is not 
constant), so 

n = d9 = de A lu + dp* A A u Q - pf-^-df A ui. 

g dx a 

The Legendre transform is given by 

a 9L a/3 0£ _ (3 

Pi d(d a ^) 9 dx? dx<* 9al3Pi ' 

and the Hamiltonian is 

H(x,<t>,p) = e+±g a/3 p? p P + V{<t>). 
We use as conjugate variables the 0-forms J and the (n — l)-forms 

Pij ■= f(x) P fu a = M-^JO e T^M Wcyl . 

Taking account of the fact that u a is not closed, one find 

d df a d 
S(Pjj) = f W ~ dx^ P? d~e 

and 

{P i>f ,^} = E(P iJ )jd^ = f5i. 

Also the observables J are admissible: H( S J ) = J2 a ^g~ Tl • • • T a-i T a+i ■ ■ ■ 
and according to Definition [|, 



{Hu,^} = g^dx a = g a 0-dx a . 



Moreover 

{Hu, Pi , f } = -S(Py)jW = + ^ 

The dynamical equations are that along the graph of a solution, 
d0* = {Hlo,^} = g a ppfdx a 



The second equation gives 



,f93 P? + M+ 3 S)=0. (39) 



g \dx a dx a 

while the first relation gives = g a/ 3Pi- By substitution in (|39| ) we find 

1 d ( ap d^\ dV 

9 9 P tt-7 + 7777 = °> 



g dx a \ dxt 3 
the Euler-Lagrange equations of the problem 



5.2 The conformal string theory 

We consider maps u from a two-dimensional (pseudo-)Riemannian manifold 
(X,g) with values in another (pseudo-)Riemannian manifold (y, h) of arbi- 
trary dimension. The most general bosonic action for such maps is C[u] : = 
f x it, du)uo with u := g{x)dx l A cfe 2 and g(x) := A/|det^ a/ g(x)| as before, 
and 

L(x,u,du) := - I hij(u(x))g a P(x) + bij(u(x))- 



2 V J dx a dx^ 

where b := ^2i<j bij(y)dy l A (iy- 7 is a given two-form on ^ and e 12 = — e 21 
e 11 = e 22 = o. Hence 



C[u]= I IhyM^M^ + A 



Setting 



x 



Gf(x,y) := h l3 (y)g a %x) + b^y)^- = Gfr{x,y), 



we see that L(x,u,du) = ^G"f(x, u)-^^ and the Euler-Lagrange equation 
for this functional is 



gdx a V 13 ' dx? J dy i dx? dx^' 

More covariant formulations exists for the case b = 0, which correspond to 
the harmonic map equation or when the metric on X is Riemannian using 
conformal coordinates and complex variables (see [pS]). The Cartan-Poincare 
form on M. is 



12) 



i<j 



(where uj\ = g dy l A dx 2 , uj\ = g dx 1 A dy l and uj^ 2 = g dy l A dyi). The 
pataplectic form is 



a,i i<j a,i i<j a 

The Legendre correspondance is generated by the function 



W{x,u,v,p) := e+pfvi+pijvlvi- L(x,u,v) = e + pX - -M^(x,y,p)<^, 
where we have denoted 



Mf(x,y,p) := h t3 {y)g^{x) + feM-p^ i* = Gf(x,y)- Pij e^. 

This correspondance is given by the relation |^ = which gives 

Mf{x,y, P y =p?. (41) 

Thus, given (x, y,p), finding (x, y, v, w) such that (x, u, v, w) <-» (x, y,p) amounts 
to solving first the linear system (|41]) for v and then w is just W(x, y, v,p). 
This system has a solution in general in the open subset O of M. on which 
the matrix 



( Mv)0 u (*) MfW) + hJ M - Pa 

{ h tJ (y)g 2 \x)- b -^-+p l3 h tJ (y)g 2 \x) 

is invertible. We remark that O contains actually the submanifold 1Z : = 
{(x, y,p) G A4/g(x)pij = bij(y)}, so that the Legendre correspondance in- 
duces a diffeomorphism between Ty ® T*A" and 72.. 

We shall need to define on O the inverse of M, i e. K^Jx,y,p) such that 

K%(x,y,p)M^(x,y,p)=5l5l (42) 
Now we can express the solution of ([|l]) by 

v* a = V,P)tf (43) 

and the Hamiltonian function is 

H(x,y,p) := e + -K^Jx,y,p)pfpt 



We use as conjugate variables the position functions y % and the momentum 
1-forms 

d 

Pi := q-JO = p?uj a + g Pijdy 3 . 

The Poisson brackets are obtained as follows. First concerning {7iuj,y 1 } 
we compute S( V) = \ (n^ - r 2 |r). Since dx a (E( V)) = 0, Va, 

m, n 1 ( 9 9 9 9 \ m, 

{Hu,tf} = —(—A — - — A — \jdHAu 
g \ ox L opf ox 1 ap\ J 



dp 

Next we compute dPi. 



(>H dx a = K%pPdx a . 



dPi = dpf A u a + g dpij A dy 3 + pf^L— + Pij -^L-dx a A dy 3 

ox a q ox a 

d 



dy- 

Hence 



Because of dx a (E(Pi)) = 0, Va and of Proposition 2 we deduce that 
{P u yi} = E(Pi)Jdyt = 6i 

dK jk 

{Uu.Pi} = -Z(P i )Jd(Hu;) = -^fp'*pP k u. 



dy 1 



Notice that, because of 



9K % Ki l 9 ^t K mk 

Q y i ^ cry Qyi ^Sf3 , 



and thus 



<9M 7<5 

The equations of motion are 

dy* = {Huj,y*} = K%p]dx a 

dP t = {Hu,^} = -^KlK$p<*pfa, 



(44) 



along the graph T of any solution of the Hamilton equations. From the first 
equation we deduce that 



3 



Now using ( f45|) we see that along T, 

Pi\r = (p?^a + 9 Pijdy J )\r 



v dxfi +Pl] dx?) ° 



and so the left hand side of the second equation of ( |44|) is 



1 9 

dPi\v 



g dx c 



9 G ^ 



U). 



And still using (f45|) the right hand side of the second equation of fl44|) along 
T is 

dMf dy* dy k 

rUJ. 



dy % dx a dx 13 

Hence we recover the Euler-Lagrange equation (f40|). 
5.3 The electromagnetic field 

Here the field is a 1-form A = A a dx a defined on the (pseudo-)Riemannian 
manifold X (which can also be thougt as a connection 1-form on a Un- 
bundle). Its differential dA := F is the electromagnetic field. We still denote 
g a p the metric on X and u = gdx 1 A ... A dx n the volume form. We are given 
some vector field j = j a d a on X (the electric current field) and we define the 
Lagrangian density by 

L(x, A, dA) := - l -F af] F a P - j a A a , 

where F Q(3 := d a Ap - d p A a and F afi := g^g^F^. 
The Euler-Lagrange equation could be written 

\-L^^ = f ^ (46) 

or using the notations 

a<(3 



d{*F) = j. 



(47) 



We remark that in order to have solutions it is necessary to suppose that 
dj = 0, which is the electric charge conservation lawQ. 

In our framework the fact that the field is a 1-form means that we replace 
the configuration space X x y by T*X. Thus the pataplectic manifold is 
M := h n T*(T*X). We shall here restrict to the "Weyl" submanifold of M 
(see Subsection 2.7) which is described by 



M Wcyl := {{x,A,p)/x eX,Ae T*X,p e A n T{ XjA) {T*X),d Aa Ad Ag Jp = 0,Va,/3}. 

The latter condition on p means that in local coordinates, p = e uj + 
RV al3 dA a A top. The Cartan form is 

Q ■= e uj + ^2p Aal3 dA a A ujp, 

a,/3 

with still ujp := dp Jul and the pataplectic form is 

tt := d9 = de A uj + dp Aafi A dA a A ujr - p AaP --^dA a A u. 

a,P a,/3 ^ 

Computing the Legendre transform in .M Woyl , using W(x, A, dA,p) = e + 
pP ^dpA a — L(x, A, dA) gives the momenta 

n A a p dL _ pa/3 

P ' d(dpA a ) 

We see that the Legendre transform works only provided the compatibility 
condition 



p A a p + p A p a = q ( 4 g) 

is satisfied. It is an example of a Dirac primary constraint. Henceforth we 
shall be restricted to the submanifold 

M Mmell := {(x,A,p) E M Wcyl /p A ^ + p A ? a = 0}, 
along which we are able to obtain an expression for the Hamiltonian 

H(x,A,p) = e - ^g a ,gpsP Aa(3 P A ^+j a A a . 



n note also that by writing the electromagnetic functional J A *F — A A j, one sees immediately 
that the condition dj = ensures that this functional is invariant by gauge transformations A i — > A + df 
up to the addition of J d(fj) 



A naive use of this Hamiltonian function leads to incorrect dynamical equa- 
tions. Another possibility, which was already proposed in [JT^] is to use as 
dynamical variable the 1-form on .M MaxweU 

Note that here A a is not a local function of x but an independant variable. 
Then, as it will be proved below, the momentum variable canonically conjugate 
to A may be chosen to be the (n — 2)-form 

a b 9 d 
7T := - > p Aafj - — J— -jjcu. 



Its associated superform is 



2^^ dx a dxP 

a,/3 



2 



a,P 





d 




dx 13 


d 




dx 13 



Hence using 



d 

ra dA a 



pA a P Qg 

T n -—riU 



q dx 13 

a,P v a,p ' 



and 



a dA a 

a 

We also have (denoting Up := ^ J u and rf" ;;f ^ := n . . . r a _ir Q+ i . . . Tp-iTp+i 



gf 14 — ' q 

a<p ^ P<a ^ 



and 



W( s A\ _ W i\n+a+/3+l /1 a^...a.../3... ^ V^/ -i Nn+o+/3+l ^» ... 

-I ^ " 2^-1) yTl n ^-Z^^- 1 ^ Y 1 



A computation using fl48|) gives 



a,/3,7 \a</3 /3<o / 7 

(9 

= 2(-l) n (n - 1) ^ n ■ ■ ■ r a -ir a +i ■ ■ - T n -^-p J dx l A ... A dx n 
= s (2(-l) n (n- 1)). 

Thus 

{7T,A} = 2(-1)>-1). 

As it may be anticipated by Corollary 1, the dynamical equations are de- 
scribed by the following identities to be true along the graph of a solution of 
the Hamilton equations 



dA = {Hu,A} 



El d A d A d A d A d A _d_ A d 

a<(3 g dx 1 /N • • • dx"" 1 /N dx^ 1 /N • • • fez 3 - 1 /N /N • • • <9x™ /N 



El d a d A 9 A d A ^ A _d_ A 9 

/3<a gdx 1 Sx/ 3 " 1 M ar^+i dx"" 1 M dx^ 1 M ' ' ' dx™ M 

E . a dx p A rfx a 

a,/3 F 



JdHAcu 



5^ 9 ai 9(3sP AlS dx a A efa^, 



a</3 



dvr = {Hcu,n} = - V — A — — JdH Aw 
&H 

The first equation leads to |^ — = g a -y9i35P Al& which implies F a p = 
Qa.-yQp&'P^ 6 or equivalentely p Aa/3 = F a/3 . This can be translated into the 
relation 

7r = *F, along T. 

By substitution in the second equation, d7r = j, it gives immediately (f47D - 

A last observation is that infinitesimal gauge transformations 5 A = df (for 
/ G C°°(A')) are generated by the Poisson bracket with df Air. We have indeed 

d(dfAn) = -dfAdn = -J2§^^^ 

a 01 

so that df An E ^ n ~^M and E(df A tt) = J2 a ^m^- We deduce that 



{df A 7T, 7r} 

{d/ A 7i, A} 



E(df A 7r) Jrfvr = 
S(df Att) JcL4 = d/. 



Notice that we could replace df Att by —fdix or /(j — c?7r) without changing 
the brackets with n and A. 



We obtained an Hamiltonian formulation for variational problems with an 
arbitrary number of variables. This could be the starting point for building 
a fully relativistic quantum field theory without requiring the space-time to 
be Minkowskian. This will be the subject of a forthcoming paper. Notice 
also that we may enlarge the concept of pataplectic manifolds as manifolds 
equipped with a closed n + 1-form and extend to this context notions like the 
p-bracket. 
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